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Abstract

In this paper, we study a number of multilevel schemes for the numerical solution of the shallow water equations;
new schemes and new perspectives of known schemes are examined. We consider the case of periodic boundary con-
ditions. Spatial discretization is obtained using a Fourier spectral Galerkin method. For the time integration, two strat-
egies are studied. The first one is based on scale separation, and we choose the time scheme (explicit or semi-implicit) as
a function of the spatial scales (multilevel schemes). The second approach is based on a splitting of the operators, and
we choose the time integration method as a function of the operator considered (multistep or fractional schemes). The
numerical results obtained are compared with the explicit reference scheme (Leap-Frog scheme), and with the semi-
implicit scheme (Leap-Frog scheme with Crank—Nicholson scheme for the gravity terms), both computed with a similar
mesh. The drawback of the explicit reference scheme being the numerical stability constraint on the time step, and the
drawback of the semi-implicit scheme being the dispersive error, the aim with the new schemes is to obtain schemes with
less dispersive error than the semi-implicit scheme, and with better stability properties than the explicit reference
scheme. The numerical results obtained show that the schemes proposed allow one to reduce the dispersive error
and to increase the numerical stability at reduced cost.
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1. Introduction: motivation of the problem
We consider the two-dimensional nonlinear shallow water problem, with periodic boundary conditions

(doubly periodic f-plane). This problem is considered as a planetary model for the simulation of atmo-
spheric or oceanic flows. The equations are written as follows:

Ou 1
—+(Qxu) +fut+V(gh+=u) =0,
ot 2
o (L.1)
o, +div ((H + h)u) = 0,
where u = (u,v) " is the velocity field, u™ = (—v,u) " the orthogonal velocity field, Q = V x u the vorticity vec-
tor, /i the height of the free surface around H, and |—| the Euclidean norm.
Here, we have considered the formulation of the shallow water problem with the following scalar depen-
dent variables instead of the velocity vector u: the vorticity o = % — g—‘: and the plane divergence 6 = % + g—;

So, the problem considered is as follows:

ow O(wu) O(wv) B
o o +—ay +fo=0,

96 d(wu) O(wv)

I
Olou) olwv) L _ 1.2
TR & o fw+A<gh +2|u\ ) 0, (1.2)

% + H + div (hu) = 0.

It is necessary to supplement these equations with initial conditions for w, 9, &, and boundary conditions
(periodicity in the two directions). The computational domain Q considered is Q = (0, L,) x (0, L,), with
L.,=L,=631x 10° m (earth radius), the period in the x and y directions.

The problem (1.2) induces substantial numerical difficulties if we want to compute directly the numer-
ical approximation of (1.2). Indeed, most atmospheric flows are turbulent flows, i.e., they contain a wide
range of scales with very different spatial size and characteristic times. To overcome these numerical dif-
ficulties, large eddy simulation (LES) models for turbulence modeling are usually proposed, in order to
compute only the large scales of the flow (which contain most of the kinetic energy and the enstrophy
in two-dimensional turbulent flows), and modeling the dissipative action of the small scales (which are
not computed) on the large ones (see, for example [36,39] for more details). In meteorology, a model often
used consists in adding a hyperdissipative operator in Egs. (1.2) (see [3,5,6,21,35,44]). Such an operator is
of the form:

vr A (1.3)
with p an integer parameter and vt the turbulent viscosity (or eddy viscosity):
¢
VT = m . (1 4)

max

Here, At is the time step retained for the numerical computation, &, is the modulus of the highest wave-
number associated with the smallest computed scales: k},,, = v22(%) = \/Ei—’f(%), { is a nondimensional po-
sitive constant and p is an integer as in (1.3). In practice, for the numerical simulations described in this
paper, we have chosen p =2 and { = 10%,

As we will see in the next section, the role of the additive term (1.3) in Egs. (1.2) is to prevent spectral
reflections in the high wavenumbers of the spectra, in order to obtain an energy spectrum (velocity spec-

trum) with a slope of k'~* in the inertial range, in agreement with the two-dimensional homogeneous
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turbulence theory (see [27]). The slope of the spectrum associated with the height is k', since & appears
through a gradient in the velocity equation (1.1) (see [14]). Finally, the problem considered here can be writ-
ten as follows:

aw 7, 6(a)u) 0(wv) B

™ vrA T o +f0=0,

00 yraws 5 Olew) 0] A (gha Lap) = o, (1.5)
ot oy Ox 2

oh

5 viA¥h 4+ HS + div (hu) = 0.

For the spatial discretization, we have used a spectral Galerkin method (see [8,22]), with the trigonometric
polynomials as Galerkin basis since the boundary conditions are periodic (Fourier spectral Galerkin
method). Since w, ¢ and / are periodic in space, we can consider the infinite Fourier expansion for these
dependent variables. If the dependent variables are regular, the Fourier coefficients @y, dy and Iy decrease
rapidly when k| increases (see [8,22] for example). So, we can look for an approximation of w, é and / of
the following form (truncated Fourier expansions):

on(x,0) = 3 an(r) exp(ik - x),

kely
t) = Z S (1) exp(iK’ - x), (1.6)
kely
£)=>_ h(t)exp(ik’-x),
kely
where k = (k1,k2), K = (k), k) = (Fki,7%k2), x = (x,p), k' - x = K{x + kyy is the Euclidean scalar product

and with ly = [l = N/2,N/ 2]22 The total number of modes retamed is N°. We have retained the same num-
ber of modes N in the two directions x and y, since the computational domain Q is symmetric (L, = L),
and the turbulence is homogeneous and isotropic (see [4]). Moreover, we note that for wy, d, and &y de-
fined in (1.6), the periodic boundary conditions are automatically satisfied (Galerkin approximation).

The Fourier coefficients are computed using a method of weighted residuals (MWR). We impose that the
residuals, obtained by substituting wy, oy and Ay, to w, é and A, in (1.5), have an orthogonal projection on
the space Vy = Span{exp(ik’ - x), k € Iy} equal to zero, for the scalar product (—, —) 12(q) defined in LA(Q).
This is equivalent to minimizing the residuals in energy norm (least square method), i.e., for the norm
| = ll;2(q) associated with the previous scalar product. So, using the orthogonality properties of the Fourier
polynomlals for the L*(Q) scalar product, ‘we obtain the followmg system of ordinary differential equations
(ODEs), for the Fourier coefficients &, o and hk, fk € ly

d . dp A - A
&wk + VT|k |4pwk + TUJ,N(k) +f5k = 07

d 14p S - A 127,
30tk %0k + Tsn(K) — fin — g[K 'y =0, (1.7)

d . N A .
ot vo|K [P hy + Hoy + Thn(k) = 0.

With spectral Galerkin methods, one of the difficulties is the computation of the nonlinear terms. We have
denoted by T, n, T5n and Tj y the approximations of these nonlinear convective terms:



T. Dubois et al. | Journal of Computational Physics 207 (2005) 660-694 663

0 0
Tw,N = & ((J)NMN) + @ (UJNUN),

0 0 1 1.
T()',N = 6 (CONMN) — a ((DNUN) + 5A(|UN|2), ( 8)

Th,N = div (thlN).

For the computation of the Fourier coefficients 7., y(k), Tsx(k) and 7 (k) of the nonlinear terms, we use
a pseudospectral method (see [8,22]). In this way, the total number of operations required to compute the
nonlinear terms is O(Nlog,(N)) operations. The evaluation of the Fourier coefficients of the three nonlin-
ear terms (1.8) of the shallow water problem (1.5) requires 9 FFTs (direct and inverse), at each time step. To
eliminate the aliasing error we use the 3/2 rule (see [8]).

For the time integration of the previous system of ODEs (1.7), we shall consider two time schemes: an
explicit scheme and a semi-implicit scheme. The trigonometric polynomials being eigenfunctions of the
hyperdissipative operator (1.3) used for the turbulence modeling, the matrix obtained is diagonal. So an
exact time integration of the dissipative terms can be obtained, with no restrictive stability constraint
(see [8,15]). We will now describe the two proposed schemes, which are, respectively, explicit and semi-
implicit for the lower order and nonlinear terms; both solve exactly the hyperdissipative part.

1.1. Explicit scheme

Classically, in meteorology, the Leap—Frog scheme, which is a second order explicit scheme, is used for
the time integration of the rotation, convective and gravity terms (see [18,49] for example). In the present
case, we obtain, Vk € [y

! = exp(—2vrAdK [ P)al ! — 2Atexp(—vr ALK [P) (T (k) + £0y),
an+1 f , ~n ~n , ~n
50" = exp(~2vrAlK|)5, " — 2Arexp(—vrAilk ") (T30 (k) = faf — K ghy), (1.9)

i = exp(—2vr MK [Py | — 2Arexp(—vrAK [P (T, (K) + HS)),
where At is the time step retained for the time integration. Using the classical von Neumann stability anal-
ysis (see [37,49]), we obtain the stability constraint for this explicit scheme:

U i\/gHJer

where k' = [kK'|, U= (U, V) is a constant advecting velocity (linearized problem), with |—| the Euclidean
norm, and the mesh size Ax = L,/N = L /N. In practice, for the numerical simulation described in Section
3.1, we have retained N =256 and At =10s.

From (1.10) we can derive three stability conditions, depending on which term is dominant in the left-
hand side of (1.10). The first stability constraint, denoted by Stab,, is due to the explicit treatment of the
convective terms (i.e., when [U] is large compared to /gH and fL, high Rossby number, high speed flow).
This is the CFL condition:

Staby :  [UJA#K' < 1. (1.11)

NS (1.10)

The second stability constraint, denoted by Stab,, comes from the explicit treatment of the inertial terms
associated with the rotation of the earth (Coriolis force, i.e., when fL is large compared to |U| and /gH,
high rotation or very small Rossby number):

Staby:  fAr< 1. (1.12)



664 T. Dubois et al. | Journal of Computational Physics 207 (2005) 660-694

Finally, the third stability condition, called Stabs, is due to the explicit treatment of the gravity terms
gAh and H6 in (1.9), (i.e., when +/gH is large compared to fL and |U|, that is gravity dominated flows):

Staby :  /gHAtk' < 1. (1.13)

Generally, we have |U| = 10-100 m/s (Jet-Stream), g = 9.81 m/s*, H = 10* m (troposphere) and the Coriolis
force f=10"*s"'. So the more restrictive stability constraint in (1.10) is the condition Stab; defined in
(1.13). Moreover, we see that the stability constraint Stabs; is more restrictive for the high wavenumbers
k' than for the small wavenumbers. So, the explicit scheme (1.9) is more stable for the computation of
the large scales (small wavenumbers).

1.2. Semi-implicit scheme

To increase the stability of the explicit scheme (1.9) a second order implicit scheme (Crank—Nicholson
scheme) is used for the time integration of the gravity terms gA% and Ho, and a second order explicit scheme
(Leap—Frog scheme) is used for the rotation and convective terms (see [18,38,49]). In the present case, we
obtain the following second order semi-implicit scheme, Vk € ly:

oy = exp(—2vr Atk [)ay ! — 2Atexp(—vr ALK [P)(T, (k) + 16,

S gMK PR = gAdK | exp(—2vrAdK[P)RL + exp(—2vrAdK[)5L

— 2Arexp(—vrAK' V) (T5 (k) — f@}), (1.14)

~n+l1 1

W HAG = —HArexp(—2viAdK|7)o, " + exp(—2vrAdK )iy
— 2Atexp(—vrAlK'| )T, (K).

The stability constraint for the semi-implicit scheme (1.14), obtained with the von Neumann stability
analysis, is:

1
U] £ \/gH(cos(,uAt))2 +f2ﬁ Atk' = sin(pAr) < 1, (1.15)

with u=—k'-U or u=—k/-U++/gHkK” + f2 (frequencies associated with wave propagation, see
[37,49)]). In practice, for the numerical simulation described in Section 3.2, we have retained N =256 and
At =50s.

By comparison with (1.10), the term (cos(uAr))* reduces the stability constraint due to the gravity terms.
In practice, for a similar spatial resolution, we can choose, at least, a time step five times larger for the semi-
implicit scheme (1.14) than for the explicit scheme (1.9). However, the drawback of the semi-implicit
scheme is that the increase of the stability is obtained by reducing the speed of the wave propagation (dis-
persive error). Moreover, this slow down, produced by the semi-implicit scheme, is more important on the
high wavenumbers than on the low wavenumbers (see [49] and Fig. 2(a)).

The aim of this paper is to propose new numerical schemes, accurate and with good stability properties,
in order to increase the time step needed by comparison with the explicit scheme (1.9), and so to decrease
the CPU time required for the numerical simulations, and with less dispersive error than for the semi-
implicit scheme (1.14). The stability constraint (1.13) is function of the wavenumber, and the explicit
scheme (1.9) is more stable for the small wavenumbers than for the large wavenumbers. So we are lead
to consider a scale separation, and to adapt the time integration to the wavenumbers computed (i.e., to
the size of the scales computed). Such schemes are called multilevel schemes. Multilevel methods have been
previously developed for the Navier—Stokes equations, in the case of homogeneous isotropic turbulence and
in the case of the channel flow problem (see, for example [15-17]).
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Another possibility is as follows: since the stability constraint is function of the parts of the shallow
water problem (1.5), i.e., Stab; for the convective terms (see (1.11)), Stab, for the rotations terms (see
(1.12)), and Stab; for the gravity terms (see (1.13)), we can separate the terms (splitting of the operators),
in order to adapt the time integration scheme to the terms integrated (i.e., to the operator integrated). Such
schemes are called multistep methods or fractional step methods. For previous works see, for example
[2,7,19,25,26,28-30,40,41]. By difference with the time split schemes proposed in Section 4, in which we
use only one time step, the time split schemes described in the previous references are a form of partial oper-
ator splitting employing two different time steps. The split schemes identify the terms responsible for the
rapid oscillations and integrate them in time, with small time step, while holding the other terms constant.
The result of this integration is then used to advance the other terms with a larger time step, well appro-
priate to describe the slower motion. A variant is proposed in [31], which integrates the fast problem using
a low order scheme with small time step, and then average the result on a long time step to use in a high
order accurate integration of the slow variables.

This paper is organized as follows. In Section 2, we describe some schemes based on a splitting of the
scales (multilevel methods), and the numerical results obtained with such schemes are presented in Section
3. Then, in Section 4, we propose some schemes based on a splitting of the operators (multistep or frac-
tional step methods), and the numerical results obtained with such schemes are described in Section 5.
Finally, Section 6 contains some concluding remarks and indications on future developments.

2. New schemes based on a splitting of the scales (multilevel methods)

In this section, we shall describe new schemes based on a splitting of the scales, and an adaptation of
the time scheme used (explicit scheme (1.9) or semi-implicit scheme (1.14)) according to the size of the
scales computed. Following Section 1, the aim is to obtain new schemes, more accurate than the semi-
implicit scheme (1.14) (less dispersive error), and with better stability properties than the explicit scheme
(1.9).

The shallow water problem can be viewed as a surrogate for global primitive equation models which do
not generally filter the Lamb wave that can be viewed either as a horizontally propagating acoustic wave or
an inertia gravity wave. The high wavenumber behavior of the Lamb wave is well approximated with the
shallow water system. Note that the Lamb wave may not be relevant for high resolution limited area models
which filter this mode and bound the highest frequency of atmospheric waves by the Brunt—Vaisala
frequency.

In the shallow water problem (1.1), there are present the propagation at a constant speed U due to the
convective terms (linearized problem), the propagation of the inertial waves due to the inertial or rotation
terms (Coriolis force), and the propagation of the gravity waves due to the gravity terms. The frequencies
(phase speed), associated with these propagation speeds, can be written as (see [24,49]):

g =-U- K,

_ k! 2 2
Moy = (U k' +\/gHk"” + f ), 2.1)

When k = |k| increases, |u k|, |¢tox] and |u; k| increase. Moreover, | k| < |pix| for i = 2,3, and |ppx] = |13 k|
(see Fig. 1). As it has been previously said, the dispersive error (slow down) is more important on the high
wavenumbers than on the low wavenumbers. To illustrate this, let us consider the following equation:
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associated with the propagation of a wave at a speed ¢ = \/gH:
4u(x,1) = O, exp(iK (x — cf)),

with k' = i—“k. If we discretize (2.2) using the Leap—Frog scheme, we shall obtain a propagation speed for the

computed solution equal to:

1 .
cLrx = —— arcsin(cAtk’),

K At

where Atf is a time step insuring the stability of the Leap—Frog scheme: cAt k' < 1 (see (1.10)).

(2.2)

(2.3)

(2.4)
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Now, if we consider the discretization of (2.2), using the Crank—Nicholson scheme, we shall obtain a
propagation speed for the computed solution equal to:

CoNk = ﬁarctg(cmk/). (2.5)
The Crank—Nicholson scheme being more stable than the Leap-Frog scheme (see (1.15)), we can use a
time step larger for the Crank—Nicholson scheme than for the Leap—Frog scheme. In Fig. 2(a), we have
represented the ratio cpp/c and conyi/c, using a time step five times larger for the Crank—Nicholson
scheme (2.5) than for the Leap—Frog scheme (2.4). We can see the dispersive error, increasing with the
high wavenumbers, due to the Crank—Nicholson scheme. So, the dispersive error, due to the Crank-
Nicholson scheme, is more important on the small scales (large wavenumbers) than on the large ones
(small wavenumbers). However, for the shallow water problem (1.5) considered here, the contribution
of the small scales (large wavenumbers) on the solution (1.6) is small by comparison with that of the large
scales (see [24]).

Let us now consider the time derivative of the solution (2.3); the modulus of the time derivative is
Wi = k'c|Ox]. If we consider, now, the modulus iy g« (resp. pen i) of the time derivative of the solution com-
puted with the Leap—Frog scheme (2.4) (resp. Crank—Nicholson scheme (2.5)), we have upr s = k'cLr ] Okl
(resp. peng =k econilOkl). In Fig. 2(b), we have represented the errors on the time derivative

W+:LF"“ and W, due to the Leap—Frog and Crank—Nicholson schemes, as functions of the wavenum-

bers. We have assumed, for the dependence of |Q| on k’, that:

O] = (&), (2.6)

which simulates the decrease of the kinetic energy spectrum (slope of (k)% in the inertial range). We recall
that we use a time step five times larger for the Crank—Nicholson scheme than for the Leap—Frog scheme.
We can see, in Fig. 2(b), that the relative error on the time derivative, due to the Crank—Nicholson scheme,
increases rapidly, even on the small wavenumbers. Moreover, this error is less important with the Leap—
Frog scheme, especially on the small wavenumbers (small increasing). An error on the time derivative in-
duces an error on the time evolution of the computed solution. We see, from (2.3) and (2.6), that the time
derivative decreases in modulus when k' increases. So, the large (resp. small) scales are associated with the
fast (resp. slow) time scales.

However, it is important to accurately compute the large scales (small wavenumbers), since the large
scales are those which contain most of the kinetic energy and enstrophy (two-dimensional turbulent flows).
Moreover, the large scales are associated with short time frequencies (large period in time), so spatial scale
separation induces temporal scale separation (see [24]). It is on the small frequencies that the Coriolis force
has a more important effect and, for atmospheric flows, the effect of the rotation of the earth is important
(quasi-geostrophic flows, see [14]).

So, since:

e the explicit scheme (1.9) is more stable for the large scales than for the small ones (see (1.10)),

e the relative error on the time derivative due to the semi-implicit scheme (1.14) is more important on the
large scales than that due to the explicit scheme (1.9),

e it is important to accurately compute the large scales of the flow (more accuracy is required on the large
scales than on the small scales),

we can envision to adapt the time scheme used (explicit scheme (1.9) or semi-implicit scheme (1.14)) to the
size of the scales computed, i.e., according to the size of the wavenumber k (multilevel scheme). However,
this requires:
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(1) to be able to separate the scales and to choose a cut-off level to define the small and large scales;
(i1) to choose a time step Af function of the scale size, i.e., of the wavenumber k, or Az being wavenumber
independent, i.e., identical for all the scales;
(iii) to choose a time scheme function of k: the explicit scheme (1.9) for the small wavenumbers k (large
scales), and the semi-implicit scheme (1.14) for the large wavenumbers k (small scales).

To define such a multilevel scheme, the first step (step (i)) is to separate the scales. For the spectral Galer-

kin method previously described in Section 1, this separation is quite natural. For the dependent variables,

o, 6 and A, let us consider a cut-off level Ny < N, ky, = Y1 being the cut-off wavenumber associated. To de-

fine and separate the small and large scales, we write: ’
oy(x,1) = oy, (X, 1) + o), (x,1),
Sy (X, 1) = Oy, (X, 1) + 8y, (x,1), (2.7)
hy (X, 1) = hy, (X, 1) + hy, (X, 1),

where wy,, oy, and hy, are associated with the large scales (small wavenumbers):

oy, (X, 1) ox(?)
Sv (1) | = | du(r) | exp(ik’-x), (2.8)
hy, (X, 1) K I (1)
and w%l, (31’31 and hf\,fl are associated with the small scales (large wavenumbers):
oy, (x,1) (1)
S (x0) | = > | bk(t) | explik'-x). (2.9)
o) T o
We can rewrite (2.8) and (2.9) using the projection operators:
wy, =Pyw and wy = Oy w, (2.10)

where Py, and Q%l are the orthogonal projections, in L*(Q), onto the spaces Vy, and Vy \ Vy,, respec-
tively, and w = w, ¢ or h.

Remark 2.1. Considering several cut-off levels N; and applying recursively the same scale separation on the
small scales, we can define more than two levels of scales.

Now, we are looking for the equations associated with the time evolution of the large scales. To obtain
these equations, we impose that the orthogonal projection of the residuals (obtained substituting @y, Jy,
hy, to o, é and £ in (1.5)), on the space Vy,, are null (least square method).

Using the orthogonality properties of the trigonometric polynomials in L*(Q), we obtain the following
system of ODEs, for the Fourier coefficients &y, dy, fzk,k € ly, (small wavenumbers, large scales):

d . R — .

Ot vilK [Yén + Py, (Tow) (K) + O = 0,

d ; 114p S T ~ 127

O+ vl 0t Poy (Tox) (K) = fion = gl e = 0, (2.11)
d . . . _

&hk + VT|k/‘4phk —+ Hék + IDNI (T},N)(k) =0.
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Similarly, to obtain the equations associated with the time evolution of the small scales, we use a least
square method, i.e., we impose that the orthogonal projection of the residual on the space Vy \ Vy, is null.
Using the orthogonality properties of the trigonometric polynomials in L*(Q), we obtain the following sys-
tem of ODEs, for the Fourier coefficients &y, d, izk7k € Iy \ ly, (large wavenumbers, small scales):

—

d X .
— o+ vr[K [P an + O (Tow) (k) + £ =0,

dt
d N 114p $ T ~ 127
T wilK 78+ O, (Tox) () — fon — glK Py =0, (2.12)

d. apn . —
&hk + 1K [Phy + Ho + O (Thw) (K) = 0.

Remark 2.2. The orthogonal projections Py, and QIN\,l, defined in (2.10), commute with the partial
derivative operators, because of the periodic boundary conditions (trigonometric polynomials are used as
Galerkin basis). Hence the coupling between the large scales (see (2.11)) and the small scales (see (2.12)) is
done through the nonlinear terms:

Ton =Ton(un, 0y) = Ty (ux, + Uy, 0y, + o))
w N(uNl ) le ) + TwAN (uNl ) a)%l ) + TwAN (uzl ) ('UNI ) + TwAN (“El ) wxl )7

T5,N :T(;N(u ) = T&J\/(UN1 + ugl,le + Q);\le) ( )
2.13
=Tsn(un,, 0y,) + Ton(un,, @) ) + Ton(ux,, on,) + Ty (uy,, o),
(

Ty =Thn(un, hy) = Ty (us, +uy,, by, + k)

=Tan(uny, v, ) + To (U, iy, ) + Tan Uy, s Ayy) + Tow(uy, iy, )-

Now, we want to define a cut-off level N; < N to separate the small and large scales. As it has been previ-
ously said (see step (iii)), the aim is to apply the explicit scheme (1.9) on the large scales (small wavenum-
bers) and the semi-implicit scheme (1.14) on the small scales (large wavenumbers). Let us denote by Az, the
time step used for the explicit scheme (i.e., for the small wavenumbers), and by A the time step used for the
semi-implicit scheme (i.c., for the large wavenumbers). We suppose that we have chosen the time step At..
Using the stability constraint (1.10) associated with the explicit scheme (1.9), we define a cut-off wavenum-
ber k), 2“1{,\,1 = 2%" %t such that the explicit scheme is stable for the choice of Az, and for k < ky, (large
scales) and unstable for k > ky, (small scales). If this cut-off level N, is too low, we must decrease the time
step Az, chosen.

Now, we shall consider the second step previously defined (step (ii)). We shall present different strategies
for the time integration of the small and large scales, leading to different multilevel methods. For all these
multilevel methods, we used the explicit scheme (1.9) to compute the large scales (corresponding to
0<K < k}vl), with the time step Az, and the semi-implicit scheme (1.14) to compute the small scales (cor-
responding to k;\,] < k' < k), with the time step At;. We denote by Atger the time step retained in Section 3.1
for the reference simulation, i.e., for the simulation corresponding to the explicit scheme (1.9) used to com-
pute all the scales 0 < k' < k), (explicit reference scheme). As we shall see later, such a simulation will be
used as the reference simulation to compare the numerical results obtained with the new proposed schemes
(see Sections 3 and 5). The different multilevel schemes now proposed are based on different choices for the
time steps Az, and A¢; used for the explicit and semi-implicit schemes, respectively.
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2.1. Scheme S;

In this case, we choose Af, = At; > Atr,r, since the explicit time scheme is used only for the large scales,
and it is more stable for the small wavenumbers.

The drawback, of such a scheme, is that it does not allow to choose a time step much larger than Afgey,
otherwise the cut-off level N, is too low, and we retrieve approximately the semi-implicit scheme (1.14) on
all the wavenumbers k', i.e., to compute all the scales.

The numerical results, obtained with this scheme, will be presented in Section 3.3.

2.2. Scheme S,

In order to overcome the drawback of the numerical stability problem previously explained when
At = At; (see Scheme S)), we choose here Af; > At.. For example, we choose Az, = Atrer and Aty = [Atger,
with /> 1. Such a choice induces a closure problem, since At; > At.. Indeed, the computation of the large
scales wpf!, (3;?:1 and hﬁfll requires to know the small scales )} , 5%1 and h%l at the previous time. This is
due to the nonlinear terms coupling the large and small scales (see (2.13)). The closure is obtained in the
following manner: since the stability constraint (CFL condition) Stab,, defined in (1.11) and due to the ex-
plicit treatment of the nonlinear terms, is not the most restrictive one (the most restrictive one being Stabs,
defined in (1.13), and due to the explicit treatment of the gravity terms), we will retain the values of the
nonlinear coupling terms in (2.11), ie., (Py,(Tyn(un,, @) ) + Py (Tyn(Wx,; 0n,)) + Py, (Tyn (WY, @) )
with ¢ = or ¢ that is the vorticity or the plane divergence equation, and Py, (Tjy(un,, hxl)) +
Py (Tan(uy,, x,)) + Py, (Tan 0y, h%l)) in the height equation, at the time z, = nA¢, during the / time steps

ty+;=m+ DAt i=1,...,1 for the computation of the large scales (quasi-static approximation, see [15—
17]). For example, for /=5, we compute the large scales with the explicit scheme (1.9) at the times 7,
Ly + 15 - by + 5 With the time step Az, = Atgrer, and we compute the small scales with the semi-implicit scheme
100 T T AL | T T MR | T T MR |
10°Fe—a ) 1
Pt \
_10 - -
10~ - A
© 107 i
| =~ - N
8 -
& 102 | m |
—— d(vort)/dt
10 L ——— d(div)/t |
—-—- d(h)/dt
nl(vort)
10%° L ——— ni(div) .
—-—- ni(h)
107 ! ! !
107 10° 10° 107 10°
K

Fig. 3. Spectra of time derivatives (thin lines) and nonlinear terms (thick lines) for the vorticity (solid lines), plane divergence (dashed
lines) and height (dot-dashed lines) equations of the shallow water problem.
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(1.14) at the times 7, and 7, + 5 with the time step Af; = 5Atrer. In this way, it is necessary to only compute
the nonlinear terms PN] (T“,‘N (llNl , WN, )) = T"’qNI (uN| , N, ), PN| (T(;J\/ (uN| , N, )) = T(”VI (llN] s CUN]) and
Py, (Tyn(un,, By, )) = Thy, (un,, Ay, ), Which are estimated on the coarse cut-off level Ny < NV, at the times
tw+s» i=1,...,1-1, inducing a saving in CPU time: O(N?log,(N,)) operations instead of O(N*log,(N))
at the times ¢, +;, i = 1,...,/ — 1. Here, the quasi-static approximation not induces lost of accuracy since
the nonlinear terms are not dominant in the shallow water problem (1.5) as we see in Fig. 3 (see, also
[46]). Note that this may not always be the case for the shallow water equations, high speed flows over steep
topography is an example of a situation in which the quasi-static approximation may be invalid.
The numerical results, obtained with this scheme, are presented in Section 3.4.

Remark 2.3. Consider, for example, the nonlinear term Py, (T, (uN,, @x,)) = Ton, (UN,, @y, ). In fact, we
have Py, (T, n(uN,, @n,)) =~ Tyn, (uN,, @y,) instead of an equality, as it has been previously written.
However, the difference is the aliasing error and, since we use the 3/2 rule to eliminate it, we recover an
equality. This remark is also true for the nonlinear terms Py, (Tsy(un,, wn,)) = sy, (un,, wy,) and
PN](Th,N(uNHth)) = Th,Nl(uvath)'

3. Numerical results (multilevel methods)

We shall present, in this section, the numerical results obtained with the explicit reference scheme (1.9)
used to compute all the scales, with the semi-implicit scheme (1.14) used to compute all the scales, and with
the two new multilevel schemes S| and S, described in Section 2.

The aim is to obtain new schemes to resolve the shallow water problem (1.5), with better stability prop-
erties than the explicit scheme (1.9), in order to increase the time step and, so, to reduce the CPU time used,
avoiding a too large dispersive error. Ideally we want, through the new proposed schemes, to be able to
compute the numerical solution of (1.5), with approximately the accuracy of the explicit scheme (1.9),
and with nearly the time step (and so the CPU time) of the semi-implicit scheme (1.14).

3.1. Explicit reference scheme

Now, we are going to present the numerical results obtained with the explicit scheme (1.9). This scheme
is used as a reference, in order to compare the results obtained with the semi-implicit scheme (1.14) and with
the new proposed schemes, since less dispersive error appears with this explicit scheme, than with the semi-
implicit scheme (1.14) when the time step is increased.

We choose H = 10* m (troposphere) and N = 256. The size of the smallest scales which are computed,
i.e., the mesh size, is L,/N = 25 km. To model the action of the small scales, not taken into account in
the computation, we use the hyperdissipative operator defined in (1.3), with p = 2 as the turbulence model.
For the eddy viscosity vr defined in (1.4), we have retained ¢ = 10*. As we can see in Fig. 4(a), we well
recover an energy spectrum with a k'~ slope (see Section 1), evidencing a good behavior of the eddy vis-
cosity model to dissipate energy in the inertial range, dissipation due to the small scales not computed and
modeled with the turbulence model. The slope of the height spectrum in Fig. 4(a) is indeed in k'
(see Section 1).

The time step retained in order to obtain the numerical stability is Atger = 10 s. In this way the stability
constraint Stab;, defined in (1.13), is approximatively equal to one. We can notice that if we choose
Atgrer = 20 s, the explicit scheme is unstable and we quickly obtain an overflow in the numerical simulations.

For N =256, the required CPU time on one processor of an IBM SP is 1.44 s for one time step. The
choice of the initial condition is obtained firstly by imposing an energy spectrum decreasing as k'~°
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Fig. 4. Spectra of velocity (kinetic energy spectrum), height and plane divergence for the explicit reference scheme (thin lines) and for
the semi-implicit scheme (thick lines). The semi-implicit scheme corresponds to the choice of Az = 50s.

(two-dimensional turbulent flow), and with a plane divergence ¢ equal to zero (barotropic flow). We run
some time iterations until reaching a statistically steady state, i.e., the time average of global quantities
in space are approximately time independent. Then, we use this velocity field to start the comparison
between the new proposed schemes and the reference explicit scheme. For more details, see [15]. Since
the explicit Leap—Frog scheme required two initial time steps, the first time step is obtained using an explicit
third order Runge-Kutta scheme. The comparison is done over 20 days (namely 176,000 time steps for the
explicit reference scheme).

As in turbulence modeling, we look for the large scales of the flow since those are the scales which con-
tain the kinetic energy and the enstrophy in two-dimensional turbulent flows. So we look at such global
quantities, characteristic of turbulent flows. More precisely, in order to compare the different schemes
described here, we compute some global quantities in space, such as spectra: energy spectrum, spectrum
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of the height, spectrum of the divergence, to obtain a scale comparison according to the scale decomposi-
tion of the computed variables. In the same manner, we compute some physical characteristic quantities,
such as the kinetic energy ||u|[,>) (or energy norm of the velocity field):

2 2
WM@=LMWd&

the enstrophy ||ul| () (or enstrophy norm, i.e., energy norm of the gradient of the velocity field):

2 2
Jully = [ (Va0 dx
Q
and the maximum value of the velocity [[uf|;« o
ulli @) = suplu(x)]

Moreover, in order to compare the computed dependent variables w, 6 and &, we compare the energy norm
of the vorticity w, of the plane divergence 6 and of the height /4.

Most of the CPU time is used for the computation of the nonlinear terms, which requires, at each time
step, 9 FFT, so around 9(N*log,(N)) operations (see Section 1), with N = 256. Let us denote by Nbger the
total number of operations required for the explicit scheme over 20 days of simulation (namely 176,000 time
steps), that is Nbrer = 9(N?log,(N)) x 176,000 operations.

At the initial time we have imposed that the plane divergence 6 = 0. The Rossby and the Froude numbers
for the simulation considered here are:

U . . . .
Ro = — (comparison of the advection effect with the rotation effect),

7L

U . . . .
Fr = —— (comparison of the advection effect with the gravity effect),

egH
where U is a characteristic velocity and L a characteristic horizontal length.

In Fig. 5(a), we have represented the energy norm of the velocity field computed with the explicit refer-
ence scheme. We have [[uf|2 o) ~ 23.5 . So, we choose U = 23.5 as a characteristic velocity and we have:
23.5

0=—"7 ~37x 107 <« 1,
107" x 6.31 x 10

and:

23.5
Fr=—x1~—"" ~75x102«1.

V9.81 x 10*

Since Fr = Ro < 1, the computed flow is quasi-geostrophic. Moreover, the aspect ratio:

4
E:Lﬁz 1.6 x 107
L 631x10
is quite small. Since Ro and Fr are small, we conclude that the advection effect, associated with the nonlin-
ear terms, is small by comparison with the rotation and gravity effects (see Fig. 3). This has been used for
the S, scheme (see Section 2.2).
The effect of the Coriolis force being the stratification of the flow (see [14]), and this effect being impor-
tant by comparison with advection (Ro < 1), the vertical component of the velocity is small. So, due to the
incompressibility of the fluid, the plane divergence ¢ is small also, and the height of the free surface / is
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Fig. 5. Representation of the kinetic energy, the enstrophy, and the maximum velocity as functions of 7. The semi-implicit scheme
corresponds to the choice of Az = 50s.

small, by comparison with the mean height H, in agreement with the numerical results obtained (see Section
3.2).

3.2. Semi-implicit scheme

For the same choice of the parameters, but using the semi-implicit scheme (1.14) instead of the explicit
scheme (1.9), we have retained Az = 50 s = [Atger, with [ = 5. With this choice, the semi-implicit scheme is
stable. We notice that for a choice of the parameter / larger than 5, the semi-implicit scheme (1.14) is still
stable, but the difference with the explicit (reference) scheme (1.9) is increased.

The complexity of the computation is, approximately, of the same order for the explicit and for the
semi-implicit schemes, on one time step. In particular, one time step requires the same number of FFTs
to compute the nonlinear terms, for which the essential part of the CPU time is used. So, if we denote
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by Nb; the total number of operations required for the semi-implicit scheme over 20 days of simulation (i.e.,
35,200 time steps), we have Nb; = % = 20%Nbges.

In Figs. 4-6, we have compared the quantities computed with the explicit reference scheme and with the
semi-implicit scheme.

In Fig. 4, we have represented the spectra associated with the velocity (kinetic energy spectrum), the
height and the plane divergence. As we can see, the spectra are quite similar. Some differences appear on
the height spectrum, even for the low wavenumbers (large scale), but the slope of the spectrum is preserved.

Then we consider, in Fig. 5, the kinetic energy [[u[[ > o, (see Figs. 5(a) and (b)), the enstrophy [|ul|;;1 o, (see
Fig. 5(c)) and the maximum velocity ||ul| () (see Fig. 5(d)), computed with the explicit and with the semi-
implicit schemes. As we can see in Figs. 5(a) and (b), a decorrelation of the curves associated with the
explicit scheme and with the semi-implicit scheme appears from time to time. Moreover, when the time
increases, the amplitude of the decorrelation and the width of the period of the decorrelation increase.
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implicit scheme corresponds to the choice of A = 50s.



676 T. Dubois et al. | Journal of Computational Physics 207 (2005) 660-694

For the enstrophy, the value is small, since there is a small energy dissipation rate (fluid with no kinetic
viscosity). The slow decrease of the enstrophy with time, due to the turbulence model, is quite similar for
the explicit and semi-implicit schemes.

As for the maximum velocity (L., norm), the average profile of the time evolution is quite similar for the
two schemes, even though the oscillations around this profile are different.

In Fig. 6, we have represented the energy norm of the vorticity @ (see Fig. 6(a)), of the plane diver-
gence o (see Fig. 6(b)) and of the height / (see Figs. 6(c) and (d)). The behavior of the vorticity, in time,
is similar with the enstrophy (see Fig. 5(c)). For the plane divergence, the values are small, for all ¢, since
atmospheric flows are quasi-geostrophic. Like in Fig. 5(d) (maximum velocity), the average profiles are
quite similar, but some differences appear on the oscillations (high frequencies) around the average profile
(low frequencies).

The height variable / is a characteristic quantity of the shallow water problem. As we can see in Figs.
6(c) and (d), we have a behavior similar to the kinetic energy (see Figs. 5(a) and (b)), with an increase
of the width of the decorrelation period and of the amplitude oscillations obtained with the semi-implicit
scheme, when ¢ increases.

In summary, the differences between the explicit scheme and the semi-implicit scheme, due to the disper-
sive error of the semi-implicit scheme (see Section 1), appear essentially on the kinetic energy |[u| 2, and
on the energy norm of the height [||> .-

Now, if we consider the time averages of the relative errors between the explicit and semi-implicit
schemes, the relative error on the kinetic energy [|ul|;2 ) is around 5.0 X 1074, and the relative error on
the energy norm of the height ||A|| 12(o) Is approximately 6.1 x 1073, over the 20 days of the numerical com-
parisons (see Table 1).

Remark 3.1. The interest of the semi-implicit scheme is to allow to consider time steps larger than for the
explicit scheme. However, if we choose for the semi-implicit scheme the same little time step as for the
explicit scheme, we obtain results similar with the two schemes, due to the convergence of the schemes
toward the exact solution. However, the explicit scheme is the proper reference state for the designed
multilevel schemes. Indeed, the Crank—Nicholson scheme has half of the truncation error (and opposite
sign) than the Leap-Frog scheme. However, this concerns only the standard two-time level Crank—
Nicholson. The way how the semi-implicit algorithm is built here employs the trapezoidal integral over
double time step, whereupon the resulting Crank—Nicholson scheme has twice larger truncation error than
the standard leapfrog. Alternatively, one might consider the trapezoidal rule composed over two time steps
0.25W" * 1+ 2y" + y" ") for the gravity wave terms. Such a scheme would have formally the same size of
the truncation error than the explicit scheme, but still the opposite sign.

3.3. Scheme S;

Now, we want to compare the scheme S; (see Section 2.1) with the explicit reference scheme (1.9). We
have retained Az, = At; = SAtrer = 50 s. The cut-off level Ny < N is equal to N; = 64. In this way, the per-
centage of the Fourier coefficients computed with the explicit scheme over the total number of coefficients

Table 1
Relative errors in energy norm for the different schemes

Semi-implicit Az =50s Semi-implicit Az =30s S S5 S3
Velocity x107* 5.0 2.2 2.7 0.9 3.3

Height x1073 6.1 2.7 33 1.0 2.6
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is around 5%. Notice that, this cut-off level is the highest cut-off level N, acceptable, to guarantee stability
for the time step retained.

In Fig. 7, we consider the spectra for the velocity, the height and the plane divergence. The spectra
obtained with the S; scheme are quite similar to the spectra obtained with the explicit reference scheme.
Moreover, the low parts of the spectra are better described than with the semi-implicit scheme
(see Fig. 4), especially for the kinetic energy spectrum.

Now, we consider, in Fig. 8, the kinetic energy (see Figs. 8(a) and (b)), the enstrophy (see Fig. 8(c)), and
the maximum velocity (see Fig. 8(d)), computed with the explicit scheme and with the S| scheme. As we can
see, the results are quite similar with those obtained for the semi-implicit scheme (see Fig. 5). However, for
the kinetic energy i.e., [[u]|,2q), the retranscription is better with the S; scheme than with the semi-implicit
scheme. Indeed, if we compare Figs. 8(a) and (b) with Figs. 5(a) and (b), we can see that the correlation
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Fig. 7. Spectra of velocity (kinetic energy spectrum), height and plane divergence for the explicit reference scheme (thin lines) and for
the scheme S (thick lines).
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Fig. 8. Representation of the kinetic energy, the enstrophy, and the maximum velocity as functions of ¢.

between the curves of the explicit and S} schemes is better than for the explicit and semi-implicit schemes. In
particular, there is no decorrelation of the curves when ¢ increases, as it is the case in Fig. 5.

In Fig. 9, we have represented the energy norm of the vorticity o (see Fig. 9(a)), of the plane divergence
(see Fig. 9(b)), and of the height % (see Figs. 9(c) and (d)). Still here, we can see that the results of the com-
parison, with the explicit reference scheme, are quite similar with those obtained for the semi-implicit
scheme (see Fig. 6), even if the plane divergence is slightly over estimated by comparison with the explicit
scheme. However, as for the kinetic energy in Figs. 8(a) and (b), the correlation between the curves of the
explicit and S; schemes, for the energy norm of the height, is better than for the explicit and semi-implicit
schemes (see Figs. 9(c) and (d) and Figs. 6(c) and (d)). Moreover, there is no increase of the decorrelation
when ¢ increases.

If we consider the time averages of the relative errors between the explicit and S schemes, the relative
error on the kinetic energy [|uf| 2, is around 2.7 x 107, and that on the energy norm of the height ||| 2@
is approximately equal to 3.3 x 1072, over the 20 days of the numerical comparisons (see Table 1).
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Fig. 9. Representation of the energy norm of the vorticity w, of the plane divergence J, and of the height / as functions of ¢.

Finally, the total number of operations Nbs, required for the S} scheme, over 20 days of simulation (i.e.,
35,200 time steps), is approximately the same as for the semi-implicit scheme, namely Nb; (see Section 3.2).

3.4. Scheme S,

Finally, we want to compare the S, scheme (see Section 2.2) with the explicit reference scheme (1.9). We
have chosen Af, = Atgrer = 10's, and At; = 5Atrer = 50 s > At.. The coarse level Ny < N is equal to N; = N/2.
The total number of operations Nbs, required for the S, scheme, over the 20 days of simulation (i.e.,
176,000 time steps), is larger than for the semi-implicit and S, but less than for the explicit reference
scheme. Indeed, the evaluation of the nonlinear terms requires the computation of the FFT on the finest
grid (i.e., O(N*logs(N)) operations) only once every five time steps and, for the other time steps, the non-
linear terms are estimated on the coarse level Ny, requiring FFT with O(Nilog,(N;)) operations, the cou-
pling nonlinear terms being estimated with a quasi-static approximation (see Section 2.2). So, over /=5
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time steps, the number of operations required for the S, scheme is (/—1) x 9 x Nilog,(N;) + 9 x
N?log,(N) operations, instead of /x 9 x N*log,(N) operations for the explicit scheme. For /=5, N =256
and N, = 128, the ratio of the number of operations required for the S, scheme on five time steps, over
the number required for the explicit reference scheme on five time steps, is around 37%.

The total number of operations Nbg, required for the S, scheme, over 20 days of simulation (i.e., 176,000
time steps), is Nbs, = 35,200 x ((/ — 1) x 9 x N3log,(N,) + 9 x N*log,(N)) =~ 37%Nbges. So, Nbs, is around
0-37NbRef7 and 18Nb1

In Fig. 10, we have represented the spectra of the velocity field, of the height and of the plane divergence.
The spectra obtained with the S, scheme are quite similar with those corresponding to the explicit scheme,

especially for the low and medium ranges of the spectra, showing a better behavior of the S, scheme than
the semi-implicit and S; schemes (see Figs. 4 and 7).
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Fig. 10. Spectra of velocity (kinetic energy spectrum), height and plane divergence for the explicit reference scheme (thin lines) and for
the scheme S, (thick lines).
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Now, we consider, in Fig. 11, the kinetic energy (see Figs. 11(a) and (b)), the enstrophy (see Fig. 11(c))
and the maximum velocity (see Fig. 11(d)), computed with the explicit reference scheme and with the S,
scheme. As we can see, the results obtained for the kinetic energy are quite similar with those obtained with
the explicit reference scheme; and they are thus better than with the semi-implicit and S; schemes (see Figs.
5 and 8). For the kinetic energy, the curves are quite similar in phase and in amplitude. For the enstrophy,
the differences with the explicit scheme appear much larger than for the semi-implicit and S schemes (see
Figs. 5(c) and 8(c)). However, the time average values are near 1.8 x 107>, The lesser decrease of the ens-
trophy obtained with the S, scheme, when the time increases, by comparison with the explicit scheme is due
to the small increase of the velocity Fourier coefficients associated with the highest wavenumbers (see en-
ergy spectrum in Fig. 10), probably due to a modification of the action of the turbulence model (1.3) on the
highest modes, since At; > At, for the semi-implicit scheme applied on the high wavenumbers |k| > % As
for the maximum velocity in Fig. 11(d), the average profiles (low frequencies) of the time evolution obtained
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Fig. 11. Representation of the kinetic energy, the enstrophy, and the maximum velocity as functions of z.
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with the S, and explicit reference schemes are quite similar, although the oscillations (high frequencies)
around the profile are different.

In Fig. 12, we have represented the energy norm for the vorticity o (see Fig. 12(a)), for the plane diver-
gence 0 (see Fig. 12(b)) and for the height /4 (see Figs. 12(c) and (d)). The behavior in time of the vorticity is
similar with the enstrophy (see Fig. 11(c)). The other curves obtained with the S, scheme and with the ex-
plicit scheme are very similar in phase and in amplitude, over all the time integration (20 days), these results
being better than with the semi-implicit and S; schemes (see Figs. 6 and 9). This is in agreement with the
fact that the spectra of the height and plane divergence, corresponding to the explicit and S, schemes, are
very similar for all the wavenumbers (see Fig. 10).

If we consider the time averages of the relative errors between the S, and explicit reference schemes, we
see that the relative error on the kinetic energy [|uf|;2, is around 8.7 X 107>, and the relative error on the
energy norm of the height |42, is approximately 1.0 x 1073, over the 20 days of the numerical compar-
ison (see Table 1).
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Fig. 12. Representation of the energy norm of the vorticity w, of the plane divergence J, and of the height / as functions of z.
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Now, we shall compare the S, and the semi-implicit schemes, for a similar CPU time used. Let us con-
sider the semi-implicit scheme (1.14) with a time step Az = 30 s, instead of 50 s as previously. If we denote by
Nb; 3 the total number of operations used for the semi-implicit scheme (At = 30 s), over 20 days of simu-
lation (namely 58,660 time steps), we have Nb; 3 = %Nbi ~ 33%Nbger >~ Nbs,. In Figs. 13-15, we have com-
pared the results obtained with the explicit reference scheme (1.9) for At = Atger = 10 s as previously, and
with the semi-implicit scheme (1.14) for Az = 30s.

Comparing Figs. 10 and 13, we see a better retranscription of the spectra with the S, scheme than with
the semi-implicit scheme (Af = 30 s), especially for the low and medium range of the spectra (large scales).

Similarly, comparing Figs. 11(a) and (b) and Figs. 14(a) and (b) (kinetic energy), we see that there is no
decorrelation of the curves associated with the explicit and S, schemes, when the time increases, by oppo-
sition with the curves associated with the explicit and semi-implicit schemes (Az=30s). The same
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Fig. 13. Spectra of velocity (kinetic energy spectrum), height and plane divergence for the explicit reference scheme (thin lines) and for
the semi-implicit scheme (thick lines). The semi-implicit scheme corresponds to the choice of Az =30s.



684 T. Dubois et al. | Journal of Computational Physics 207 (2005) 660-694

24.5 T T T 24.5 T 2
24 24
>
=) J‘ )
5 (1911 -
2 235 © 235
g | 2
¥4 ¥4
‘ |
23 + » 23 .
—— Explicit scheme —— Explicit scheme
— — Semi-implicit scheme — — Semi-implicit scheme
225 L L L 22.5 L
3.1e+07 3.15e+07 3.2e+07 3.25e+07 3.25e+07 3.26e+07 3.27e+07
t t
1.9e-05 T T T 22 T T T
—— Explicit scheme
1.85e-05 : - - - Semi-implicit scheme
o 20 Al
8
g 1.8e-05 1 ° , ‘ ‘ \
! |
o U /)
= E gt ~ 9 |
= g ! \ ,“ ! i il }
w 1.75e-05 \/\\NVV’\N’V\MA é | \ \ 1 il ! f\ |
/'\’\/\‘\/\“M‘A = h 0 | d! I‘I
\
. " 16 . M W ' )
1.7e—-05} — Explicit scheme i Ny | '
— — Semi-implicit scheme !
1.65e-05 : : : 14 : : :
3.1e+07 3.15e+07 3.2e+07 3.25e+07 3.1e+07 3.15e+07 3.2e+07 3.25e+07
t t

Fig. 14. Representation of the kinetic energy, the enstrophy, and the maximum velocity as functions of ¢. The semi-implicit scheme
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comments are available, when we compare Figs. 12(c) and (d) and Figs. 15(c) and (d) (energy norm of the
height): the height is well computed with the scheme S,, when the time increases, with no decorrelation with
the explicit reference scheme, by opposition with the semi-implicit scheme for Az = 30 s.

If we consider the time averages of the relative errors between the semi-implicit scheme (A7 = 30 s) and
explicit reference schemes, we see that the relative error on the kinetic energy ||uf 2, is around 2.2 x 1074,
and the relative error on the energy norm of the height ||4[|,» o, is approximately 2.7 x 1072, over the 20 days
of the numerical comparison (see Table 1).

4. New schemes based on a splitting of the operators (multistep or fractional step methods)

Rather than new schemes based on a splitting of the scales, as previously considered in Sections 2 and 3
for the S; schemes, i = 1,2 (multilevel methods), we are now interested in developing new schemes based on
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a splitting of the operators (multistep schemes or fractional step schemes). Indeed, with the splitting of the
operators, we can adapt the time integration to the terms considered in the equations. This is the object of
this section.

4.1. A first fractional step scheme

The nonlinear terms are costly in CPU time, but the CFL stability constraint Stab, (see (1.11)), associ-
ated with the explicit time integration of the convective nonlinear terms, is not too restrictive. By opposi-
tion, the gravity terms are not costly in CPU time, but the stability constraint Stzabs (see (1.13)), associated
with the explicit time integration of these terms, is very restrictive (see Section 1). So, in order to take this
into account, we propose to separate the time integration of the nonlinear terms and that of the gravity
terms (separation of the operators), and to apply a specific time integration to the nonlinear terms and
to the gravity terms. We call this a multistep or fractional step scheme.
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To take into account separately the nonlinear terms and the gravity terms, one possibility is the follow-
ing. To obtain ¢, + | = (n + 1) At from ¢, = nAt, the time step At is decomposed as follows:

e first step: to take into account the nonlinear terms (and Coriolis terms) with the explicit Leap—Frog
scheme (see (1.9)), over the time step Az;

e 1, other steps, n, > 1: to take into account the gravity terms with the explicit Leap—Frog scheme (see
(1.9)), over the time step At.

So, we obtain the following scheme:

e Step one: VK € [y,

! = exp(=2vr Al ") iy — 28t exp(—vr AUK'[7)(T, (k) + £33,

21 an— n

5, = exp(—2vrAlK[¥)5, | — 2Arexp(—vrAlK[7) (T, (K) — faf), (4.1)
21 An— ~n

hy = exp(—2vrAqK [P)hy | — 2Atexp(—vr MK [P) T (k).

o Stepi,i=2,..,m,+ 1:Vkely

2l 2i—2 2i—1
5, = exp(—2vrAtlk'[¥)s, +2At|k'|2n§ exp(—vTAt|k’\4”)hk ,

, , (4.2)
2 2i—=2 H 2i—
hy, = exp(—=2vrAlK ")k, — 2At— exp(—vrArK/[* )5 ,
n
. 20 ~n—1 20 ~n—1 ’
with 6, =9J, and h, = hy
e Finally: Vk € Iy,
antl anptl
o, = ,
k k 4.3)
antl o amtl
b =y

This scheme is a fractional time step, with n, + 1 steps. As we can see on (4.2), taking into account the
gravity terms over n; sub-steps allows to reduce the influence of these terms at each step, since g and H are
replaced by g/n, and H/n,, increasing the numerical stability. The time step is always the same Az (see the
hyperdissipative operator), and we use several steps, for one time step, to decrease the influence of the grav-
ity terms at each step.

For the global consistency of the scheme on the ¢ and / equations, we have, summing (4.1) and (4.2), for
i=3,...,m,+1,io0dd (we suppose that n, is even): Vk € [y

i

-1,
+ 2sh(vrAe[K'|7) Zék v AR P)5L " — 24 T (k) — f@})
i=3

+1

exp(vrAL[K|7)5,

+ 2Ar|k'|2g<2k>nb,

-1, » R
+ 2sh(vr Ak ) Z By = exp(—vr ALK [PV — 2AiT (k) — 2AtH<5k> :
i=3

np

n+

exp(vTAt|k’| )by,

(4.4)
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where

2 1 b 2
<5k> =— o, 1even,
mo My

(4.5)

~ b Aj
<}~zk> = i }Nzk7 I even.
G R

We have chosen { = 10% and p = 2 (see Section 2). Moreover, we have 0 < vrA7[k'|*”” < 1, for essentially all
the wavenumbers k’. So, sh(vTAtlk/|41’) = vT Atlk/|4’7 < 1, for essent1ally all the wavenumbers k’'. Since the
coefficients associated with 5 (resp. h ) and 5 - (resp. h ) in (4.4) are, exp( viALK' ) = 1 Foor
AfK'|* = 1, we can neglect the action of the terms 2sh(vTAt\k’|4”)Z"b 5 and 2sh(vrAz[K'[7)S", hk in
(4.4). Fmally, for essentially all the wavenumbers k, we obtain for the scheme (4.1)-(4.3):

ot = exp(—2vr ALK ") iop ! — 2Arexp(—vr ALK [V) (T, (K) + £5,),
an+1 1\4p an—1 114p A ~n 12 2
5. ~ exp(—2vr ALK |7)5. | — 2Arexp(—vrAdK[7) (T2, (K) — for — K| g<hk>n : (46)

i~ exp(—2vr Ak [P)hL | — 2Atexp(— vTAtk’|4‘”)( (k)+H<ak> )
np

Considering at Sk and ilk, i=1,...,n,, as estimates of 5k(t) and ftk(t), respectively, at intermediate times
lying between ¢, and ¢, + |, we deduce from (4.5) that:

np

2 2l tnsl
<5k>nb:nib 3 5 Ai/ Su(f) dt,

i=2, ieven
/n+l A

(), =5 > h
b My i= 2 ieven

The temporal averages (4.7), over one time step At, for the gravity terms, induce a filtration of the high
temporal frequencies, associated with the fast waves of the gravity terms, which are responsible for the
numerical instability problems (see Section 1). So, we can hope to obtain a better numerical stability with
such a scheme. Our fractional step schemes are different from the method of averages proposed in [42,31]
and [23]. Indeed, in the fractional step schemes described here, we use a second order time scheme for all the
scales and we update the size of the time step in function of the operator. In averaged methods, a second
order time scheme with large time step is used for the slow variables, and a first order time scheme with
small time step is used for the fast variables. The coupling between the slow and fast variables is obtained
with time averaging.

| 2

4.2. Scheme S3

Since the implicit Crank—Nicholson scheme is stable, but with a dispersive error (see Section 1), a variant
of the previous fractional step scheme (4.1)—(4.3) is to use the Crank—Nicholson scheme, instead of the
Leap-Frog scheme, over the n; sub-steps for the gravity terms in (4.2). Like this, we can hope to benefit
of the stability properties of the Crank—Nicholson scheme, and to reduce the dispersive error, by compar-
ison with the semi-implicit scheme (1.14), since the influence of the gravity terms, on each sub-step, is re-
duced (the parameters g and H being divided by n,). So, we obtain the following scheme, named S;:
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e Step one: Vk € [y,
! = exp(—=2vr Ak [P)an ™ — 2Atexp(—ve AR |7)(T)  (K) + £5,),

21 An— An
&, = exp(—2vrAt[K' [0, t_ 2Atexp(—vrAlK'[7)(T5 (k) — fl), (4.8)

21 A= an
hy, = exp(=2vr ALK [*)d, gy, exp(—vTAt|k'|4p)Th?N(k).
p

i i=2,. .. m+ 1Yk € Dy,

2l ~i 2i=2 ~i—2
S, — S ALK hy = exp(—2vrAfK[7)0,  + MK E exp(—2vrArK|P)h,

np n_b
2 4 PN H AN
hy +— A1, = exp(—2vrAtlK'[")h,  — At— exp(—2vrAt|K' 7)o,
np

20 ~n 20 ~n
with 6, = J, and h, = h,.
e Finally: Vk € ly,

nt1 anp+l1

(4.10)

5. Numerical results (multistep or fractional step method)

In this section we shall present the numerical results obtained with the new multistep scheme S3
described in Section 4.

As with the multilevel schemes (see Section 3), our aim is to obtain new schemes to resolve the shallow
water problem (1.5), with less CPU time used than for the explicit scheme (1.9), and with an acceptable
dispersive error. Ideally, as in Section 3, we want through the new proposed schemes, to be able to compute
the numerical solution of (1.5), with approximately the accuracy of the explicit scheme (1.9), and with
nearly the CPU time of the semi-implicit scheme (1.14).

We compare the S3 scheme (see Section 4.2) with the explicit reference scheme (1.9). We have chosen a
time step At = 3 Atrer = 30 s. As for the parameter 7, we have chosen n;, = 10. Let us consider the total num-
ber of operations Nbg, required for the S5 scheme, over 20 days of simulation (i.e., 58,660 time steps). Since
the CPU time used is essentially due to nonlinear terms computation, and since the nonlinear terms are com-
puted only at the first substep (Step one, see (4.8)), we have Nbs, ~ Nb;3) = %Nbi ~ 33%Nbrer =~ Nbs,.

In Fig. 16, we have represented the spectra of the velocity field, of the height and of the plane divergence.
Except for the highest wavenumbers, the spectra obtained with the S3 scheme are very similar with those
corresponding to the explicit scheme.

Then, we consider, in Fig. 17, the kinetic energy (see Figs. 17(a) and (b)), the enstrophy (see Fig. 17(c))
and the maximum velocity (see Fig. 17(d)), computed with the explicit reference scheme and with the S3
scheme. As we can see, the results obtained with the S3 scheme are very similar with those obtained with
the explicit reference scheme, and so better than with the semi-implicit scheme with a time step of 50 s
(see Figs. 5(a) and (b)). In particular, for the maximum velocity in Fig. 17(d), the correlation between
the explicit and S3 curves is good, over all the time interval.

In Fig. 18, we have represented the energy norm for the vorticity o (see Fig. 18(a)), for the plane diver-
gence J (see Fig. 18(b)) and for the height / (see Figs. 18(c) and (d)). The behavior of the vorticity, in time, is
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Fig. 16. Spectra of velocity (kinetic energy spectrum), height and plane divergence for the explicit reference scheme (thin lines) and for
the scheme S3 (thick lines).

similar with the enstrophy (see Fig. 17(c)). In Fig. 17(b), we can see the good agreement of the results
obtained with the explicit scheme and with the S3 scheme, for the plane divergence. As for the height,
we see in Figs. 17(c) and (d) that the explicit and S5 curves are very similar, over all the time, as it was
the case for the S, scheme (see Figs. 12(c) and (d)).

If we consider the time averages of the relative errors between the S; and explicit reference schemes, we
see that the relative error on the kinetic energy [[u[| >, is around 3.3 x 1074, and the relative error on the
energy norm of the height [|A]|2 ;) is approximately 2.6 x 1073, over the 20 days of the numerical compar-
ison (see Table 1).

We have previously seen that the S; scheme required a CPU time of the same order as for the S, scheme
(see Section 3.4) and for the semi-implicit scheme with a time step Az = 30 s (see Section 3.4). We can com-
pare the S5 and S, schemes through Figs. 10-12 and Figs. 16-18. Similarly, we can compare the S3 scheme
with the semi-implicit scheme with a time step Az = 30 s through Figs. 13—15 and Figs. 16-18. Finally, as it
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Fig. 17. Representation of the kinetic energy, the enstrophy, and the maximum velocity as functions of ¢.

has been said before, we recall that the time averages of the relative errors, over the 20 days of the numerical
comparison, between the S, scheme (resp. the semi-implicit scheme with a time step Az = 30s) and the
explicit reference scheme is 8.7x 107> (resp. 2.2x 107 for the kinetic energy, and 1.0x 1073
(resp. 2.7 x 107%) for the energy norm of the height (see Section 3.4). For more complete comparisons,

see Table 1.

6. Conclusion and future work

We have presented in this work several new multilevel/multistep schemes to compute the numerical solu-
tion of the shallow water problem (1.5). These schemes are based on a scale separation (multilevel meth-
ods), or an operator separation (multistep or fractional step methods). The numerical results obtained
show that the schemes proposed allow to reduce the dispersive error and to increase the numerical stability.
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Fig. 18. Representation of the energy norm of the vorticity w, of the plane divergence J, and of the height / as functions of z.

It is possible to consider the splitting of the scales, used in Section 2, with the splitting of the operators,
used in Section 4. Since the stability constraint of the time integration of the gravity terms is stronger for the
high wavenumbers (small scales) than for the low wavenumbers (large scales), see Section 1, we can think at
separating the scales (splitting of the scales), and adapting the parameter 7, used in the previous multistep
schemes (4.1)-(4.3) and S3 (splitting of the operators), as function of the size of the scales computed. The
parameter n, will be chosen larger for the small wavenumbers than for the large wavenumbers. Moreover,
we use the explicit Leap—Frog scheme (resp. the implicit Crank—Nicholson scheme) for the small wavenum-
bers (resp. large wavenumbers). We shall denote by 71y, exp1 (r€Sp. 715 imp1) the value of the parameter n;, chosen
to compute the large (resp. small) scales, with the explicit (1.9) (resp. semi-implicit (1.14)) scheme. So, to
compute the large scales, we obtain an explicit multistep scheme with 7y, .y, + 1 steps. As for the small
scales, we obtain a semi-implicit multistep scheme with 7, ;1 + 1 steps.

Another planetary model is the two-dimensional shallow water problem on the sphere (spherical coor-
dinates). In this case, an additional problem is the use of nonuniform meshes (finer near the poles, see [49],
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for example). So, the presence of the poles implies a more restrictive stability constraint over all the sphere.
To overcome this, we can use spectral methods with spherical harmonic basis. For more details, see
[18,33,34,48,49]. We intend to adapt the new multilevel and multistep schemes previously described to this
case of a spherical geometry.

We shall also consider the case of the system of equations (1.2) on a rectangular domain Q, with Dirich-
let boundary conditions. This problem is considered as a limited area model (LAM) in meteorology, also
called regional problem (see [43,13]). The numerical approximation is often obtained using a finite differ-
ence method. Such a model allows, in meteorology, a prediction for the small scales on a short period,
by opposition with a planetary model, which is used for the prediction of the large scales on a long period.
Indeed, in the case of a limited area model, the mesh is finer than for a planetary model. For a LAM, it is
necessary to specify the values of the velocity field on the boundary of the limited area domain (Dirichlet
boundary conditions), at each time step. These values, on the boundary, can be obtained using a model for
the large scales (for example a planetary model). For more details, see, for example [13,43]. However, due to
the hyperbolic character of the shallow water equations (1.2), the boundary conditions cannot be applied
everywhere on the boundary 0Q2 of the rectangular domain Q2. The localization of the boundary conditions
is function of the characteristic values: |U| and |U| £ /gH + %
method), i.e., of the wave propagation. According the value of the height parameter H, the characteristic
values have different signs. So, the number of characteristics which enter in the domain is different. For
more details on this problem of boundary conditions, see [32,45,47]. We also intend to adapt the previous
multilevel and multistep schemes, to the case of a limited area model. To obtain large and small scales
decomposition in the finite difference case or in the finite volume case, we will use the incremental un-
knowns (IU). For more details on the incremental unknowns see, for example [9-12,20] and the references
therein. This work is in progress (see [17]) and will be presented elsewhere.

in the linearized case (characteristic
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